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I n t e r n a l  F r a c t u r e  Caused b y  
Focus ing  of Exp los ive  Waves* 
C .  C .  Hsiao,  S. R.  Moghe, C .  K. Soong and W .  L. Yin 
U n i v e r s i t y  of Minnesota, Minneapol is ,  Minnesota 
Exper imenta l  s u c c e s s  i n  r e f l e c t i n g  and f o c u s i n g  
e x p l o s i v e  waves and  t h u s  f r a c t u r i n g  t h e  neighborhood of 
a f o c u s  i n  a p r o l a t e  sphe ro id  i s  ob ta ined .  The shape and 
s i z e  of the i n t e r n a l  f r a c t u r e  i s  e s s e n t i a l l y  s p h e r i c a l  
whose volume r a n g e s  from a p i n p o i n t  to seve ra l  
m i l l i m e t e r s  i n  d i ame te r .  On t h e  b a s i s  of  a s imple  con- 
s i d e r a t i o n  of t h e  t r a n s m i s s i o n  of  e l a s t i c  s t r a i n  energy ,  
co r re spond ing  s i z e s  of f r a c t u r e  can  be ana lyzed  and 
e s t i m a t e d .  Comparison of the t h e o r e t i c a l  r e s u l t s  w i th  
e x p e r i m e n t a l  data i n d i c a t e s  tha t  t h e  s t r a i n  energy  t r a n s -  
m i t t e d  i s  d i r e c t l y  p r o p o r t i o n a l  to t he  amount o f  
e x p l o s i v e  charge  used ,  
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The i n i t i a t i o n  of an  i n t e r n a l  f r a c t u r e  a t  t h e  v i c i n i t y  
of a p o i n t  i n  a medium as a r e s u l t  of converg ing  t e n s i l e  
p u l s e s  can be  o b t a i n e d  us ing  the  geometry of  a p r o l a t e  
spheroid.’  
t h a n  f r a c t u r e s  observed i n  r o d s ,  p l a t e s ,  e t c .  by  
Kolsky2 and o t h e r s .  
t ha t  e v e r y  r a y  emerging from one of  i t s  f o c i  w i l l  b e  r e f l e c t e d  
from the f ree  s u r f a c e  and converge to t h e  o t h e r  f o c u s  a f t e r  
t r a v e l l i n g  p a t h s  of  e q u a l  l e n g t h .  Through t h e  d e t o n a t i o n  of  
some hggh e x p l o s i v e s  at one focus ,  the  c r e a t e d  s h a r p  
compressive p u l s e s  w i l l  t r a v e l  r a d i a l l y  to t h e  f r e e  s u r f a c e  
and  be r e f l e c t e d  as  r e l a t i v e l y  f a s t  t e n s i l e  p u l s e s  which 
converge toward t h e  o t h e r  f o c u s ,  and as s lower  shear waves 
which converge a l o n g  the  s p h e r o i d a l  axis .  F r a c t u r e  around 
the second f o c u s  w i l l  occur  when t h e  magnitude of t he  t e n s i l e  
p u l s e s  becomes s u f f i c i e n t l y  l a r g e  f o r  c e r t a i n  l e n g t h s  of  
t i m e .  The e x a c t  a n a l y s i s  of t h e  s t a t e  of  s t ress  i n  t h e  
neighborhood of t h e  second f o c u s  i s  ex t r eme ly  d i f f i c u l t  i f  
n o t  i m p o s s i b l e .  
T h i s  t h r e e  d imens iona l  c a s e  i s  more compl ica ted  
A p r o l a t e  s p h e r o i d  h a s  t he  p r o p e r t y  
The govern ing  g e n e r a l  e q u a t i o n  of motion i n  terms of  
d i sp l acemen t  can be decoupled i n t o  two sets  of  wave 
e q u a t i o n s  c o n t a i n i n g  two p o t e n t i a l  f u n c t i o n s  a s s o c i a t e d  
w i t h  d i l a t a t i o n a l  waves and shear waves. The boundary con- 
d i t i o n s  a r e  such tha t  over the  s p h e r o i d a l  s u r f a c e  b o t h  t h e  
normal and t a n g e n t i a l  stress components v a n i s h .  Using 
s p h e r o i d a l  c o o r d i n a t e s  t hese  c o n d i t i o n s  can be expres sed  
i n  terms o f  t h e  p o t e n t i a l  f u n c t i o n s .  I n  t he  neighborhood 
of t he  f o c u s  where d e t o n a t i o n  occur s  t he  mater ia l  i s  s u b j e c t e d  
to v e r y  l a r g e  compressive s t resses .  A s  a r e s u l t  the  e q u a t i o n s  
of l i n e a r  e l a s t i c i t y  may n o t  b e  a p p l i e d .  T h i s  s i t u a t i o n  can 
b e  avoided  by choos ing  a small  s p h e r e  such  t ha t  o u t s i d e  t h i s  
s p h e r e  t he  compressive stkesses a r e  s m a l l  enough to 
j u s t J f y  t h e  u s e  of l i n e a r  e l a s t i c i t y  e q u a t i o n s .  Consequent ly ,  
t h e  i n n e r  boundary c o n d i t i o n s  ove r  t h e  s p h e r i c a l  s u r f a c e  
a r e  a l s o  d e s c r i b a b l e .  
1. One of t he  a u t h o r s  (CCH) i s  i n d e b t e d  t o  P r o f e s s o r  Kolsky 
f o r  the o p p o r t u n i t i e s  o f  d i s c u s s i n g  the  s u b j e c t  w i t h  h i m  
whi le  v i s i t i n g  a.t  Brown U n i v e r s i t y .  
2 .  H. Kolsky, S t r e s s  Waves i n  S o l i d s ,  Dover, 1963  
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The wave e q u a t i o n s  t o g e t h e r  w i t h  t h e s e  boundary 
c o n d i t i o n s  comple te ly  s p e c i f y  the p r ~ b l e m . ~  
wave e q u a t i o n s  can be e a s i l y  s e p a r a t e d  i n t o  o r d i n a r y  
wave f u n c t i o n s  of z e r o  order, '  i t  i s  ex t remely  d i f f i c u l t  
to determine  t h e  s o l u t i o n  s a t i s f y i n g  a l l  t h e  l e n g t h y  
boundary c o n d i t i o n s .  Therefore ,  the  s ta te  of  s t r e s s  a t  a 
p o i n t  i n  t h e  s p h e r o i d  a t  any i n s t a n t  cannot  be de te rmined  
by r o u t i n e  a n a l y t i c a l  methods. 
t h e  p ropaga t ion ,  r e f l e c t i o n  and convergence of on ly  t h e  
i n c i d e n t  d i l a t a t i o n  waves might g i v e  some s i g n i f i c a n t  
i n f o r m a t i o n  i n  a s  much as the t r a n s m i s s i o n  of e l a s t i c  s t r a i n  
energy  and f r a c t u r e  are concerned. The r a t e  of t r a n s m i s s i o n  of 
ene rgy  a c r o s s  any c l o s e d  s u r f a c e  i s  o b t a i n a b l e  by i n t e g r a t i n g  
t h e  g e n e r a l  e q u a t i o n  of motion. F u r t h e r  i n t e g r a t i o n  of t h e  ra te  
of t r a n s m i s s i o n  of s t r a i n  energy  over  a p e r i o d  of t i m e ,  s a y  
between tl and t2, could  y i e l d  t h e  t o t a l  r e f l e c t e d  s t r a i n  
energy  t r a n s m i t t e d  d u r i n g  t h i s  p e r i o d  to t h e  second focus .  
S i n c e  a l l  d i r e c t  p a t h s  of t h e  d i l a t a t i o n a l  waves between 
two f o c i  a re  equa l ,  t h e  second f o c u s  w i l l  b e  under  uni form 
h y d r o s t a t i c  t e n s i o n .  Assume tha t  a small neighborhood n e a r  
the second f o c u s  i s  a l s o  under  h y d r o s t a t i c  t e n s i o n .  If 6 
i s  t h e  r a d i u s  of t h e  f r a c t u r e  and E t h e  magnitude of s t r a i n  
energy  p e r  u n i t  volume of t h e  f r a c t u r e  r e g i o n  of t h e  medium, 
t h e n  t h e  t o t a l  r e f l e c t e d  s t r a i n  energy  i s  
Although the  
For  t h e  p r e s e n t  problem, however, c o n s i d e r a t i o n s  of  
o r  
- 4  3 W = -T6 E 3 
I n  t h e  c a s e  when E i s  not known, and Wm i s  t h e  maximum 
3. C .  C.  Hsiao, S. R. Moghe, C .  K. Soong and W. L. Yin, " I n t e r n a l  
F r a c t u r e  under  Radia l  Tens ion , "  p r e s e n t e d  a t  t he  I n t e r n a t i o n a l  
Conference on F r a c t u r e ,  Sendai ,  Japan ,  September 1 2 - 1 7 ,  1965.  
4.  P.  M. Morse and H. Feshbach, Methods o f  T h e o r e t i c a l  
Phys ics ,  McGraw-Hill, 1953. 
4 
v a l u e  of t he  r e f l e c t e d  s t r a i n  energy  and W i s  t h e  minimum 
v a l u e  below which no f r a c t u r e  w i l l  occur ,  t h e n  f o r  a 
material  wi th  Poisson  r a t i o n  1/3, t h e  t o t a l  s t r a i n  energy  
which w i l l  cause  f r a c t u r e  can be ob ta ined  as  f o l l o w s :  
0 
rs 6 
where the  volume i n t e g r a l  i s  e v a l u a t e d  f o r  a sphe re  whose 
r a d i u s  r i s  less  o r  e q u a l  to 6,  o i j  and e i j  a re  r e s p e c t i v e l y  
s t r e s s  and s t r a i n  t e n s o r s ,  p. i s  t h e  s h e a r  modulus of t h e  
medium and p i s  t h e  h y d r o s t a t i c  t e n s i o n  under  which f r a c t u r e  
occur s .  O r  
The above r e l a t i o n  g i v e s  a t h e o r e t i c a l  estimate on t h e  
f r a c t u r e  f o r  a g iven  p and Wm, 
s h i p  between Wm-Wo and 6 .  It i s  i n t e r e s t i n g  t o  n o t e  t h a t  
f o r  c o n s t a n t  Wm t h e  l a r g e r  v a l u e  of p the smaller w i l l  b e  
6 .  With measured 6 ,  the same r e l a t i o n  can a . l s o  be  used 
i n  t h e  e s t i m a t i o n  of h y d r o s t a t i c  t e n s i o n  p of f r a c t u r e  
p rov ided  t h a t  t h e  magnitude of s t r a i n  energy  can be 
de te rmined  f i rs t .  
F i g .  1 g i v e s  t h e  r e l a t i o n -  
Exper imen ta l ly  by exploding  l e a d  a z i d e  a t  one f o c u s  
of a p r o l a t e  s p h e r o i d  made of p o l y s t y r e n e  o r  polymethyl  
m e t h a c r y l a t e  materials, f r a c t u r e  of t h e  specimen d i d  occur .  
F i g .  2 i l l u s t r a t e s  as i n d i c a t e d  two k i n d s  of f r a c t u r e d  
specimens.  F ig .  3 shows a s e r i e s  of f r a c t u r e d  p o l y s t y r e n e  
s p h e r o i d s  under  d i f f e r e n t  e x p l o s i v e  cha rges .  F i g .  4 g i v e s  
the p l o t  of t h e  s i z e  of  f r a c t u r e  a g a i n s t  t h e  amount of 
e x p l o s i v e  charge used. It i s  of g r e a t  i n t e r e s t  to n o t e  
t ha t  by comparing t h e  curves  i n  F ig .  1 a.nd F ig .  4 on s imi l a r  
5 
scales t h e  s t r a i n  energy  t r a n s m i t t e d  i s  d i r e c t l y  p r o p o r t i o n a l  
to the  amount of exp los ive  charge  used.  The re fo re ,  i f  i t s  
a b s o l u t e  magnitude could be de te rmined ,  t h e n  t h e  i n t e r n a l  
5 .  C.  C .  Hsia.0, 1n te rna . l  F r a c t u r e  under  R a d i a l  Tension,  11 
B u l l e t i n ,  Am, Phys. SOC.,  March ( 1 9 6 4 )  
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st ress  p r e q u i r e d  f o r  f r a c t u r e  under  a s t a t e  of h y d r o s t a . t i c  
t e n s i o n  would be found. 
It might a l s o  be of importance to mention t h a t  d u r i n g  
the  cour se  of  t h i s  i n v e s t i g a t i o n ,  the  s i z e  of t h e  
s p h e r o i d a l  specimen was not found to c o n t r i b u t e  s i g n i f i c a n t  
d i f f e r e n c e  i n  t h e  i n t e r n a l  f r a c t u r e  as long  as t h e  t o t a l  
d i s t a n c e  between t h e  two f o c i  was t h e  same. However, when 
t h e  r a t i o  of t h e  major  to minor axis  of t h e  sphe ro id  becomes 
l a r g e r  t h a n  4, t h e  f o c i  a r e  ve ry  c l o s e  to t h e  s u r f a c e  and 
f r a c t u r e  under  t he  same c o n d i t i o n s  w i l l  n o t  be e a s i l y  
o b t a i n e d ,  I n  f a c t ,  no f r a c t u r e  was observed p o s s i b l e  f o r  
s p h e r o i d s  having  a m a j o r  a x i s  of 3 i n c h e s  and minor axis  
1/2 i n c h .  
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